Abstract. Phase synchronization in non-identical coupled chaotic systems appears for some conditions in which weak coupling causes the systems time evolution to lock in phase to one another, while their amplitudes remain chaotic and uncorrelated. To identify this phenomenon, given a signal it is necessary to measure properly its phase. In this work, we applying our Discrete Complex Wavelet Approach (DCWA) for phase assignment, with aim to analyse two coupled chaotic Rössler systems in non-phase coherent regime. Our DCWA is based on the Dual-Tree Complex Wavelet Transform (DT-CWT), which is a form of a discrete wavelet transform that generates complex coefficient by using a dual-tree wavelet filters to obtain their real and imaginary parts. Due to its multi-scale properties in the context of phase characterization, it is possible to obtain very good results from scalar time series, even with chaotic systems.
Introduction
The phenomenon of synchronization has been observed in various natural systems, such as in heart cells, applause, flashing of the South-East Asian fireflies, chirping of crickets, and more [2, 6] . Initially, the synchronization was studied in periodic systems. For theses systems, basically, synchronization is understood as the mutual adjustment of the oscillations of periodic oscillators due to some sort of interaction between them [13] . The generalization of the concept of synchronization, allowing to encompass chaotic system, was presented in [1, 11, 13, 14, 17] .
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In this work our interest is phase synchronization, which occurs mainly for weak coupling with the amplitudes of the oscillators remaining uncorrelated while their phases evolve in step with each other over time [17] . Detecting phase synchronization of chaotic systems requires a clear and unambiguous phase assignment for the oscillators in order to test the condition ( [13] )
wherein φ 1 (t) and φ 2 (t) are the phases of systems 1 and 2, respectively. Several methods have been proposed for phase assignment, for example, Hilbert transform [15] , Poincaré surface of section [13] , curvature and recurrence plots [10, 16] , localized sets [12] , a method based on least squares analysis [5] , short-time Fourier transforms and the continuous complex wavelet transform methodologies [7, 9] . However, none of these methods works properly for all the situations. The majority of them have as the input the projection of the attractor on a proper surface of section; present good results only in phase-coherent regime and generally are not directly applicable to experimental time series. In particular, the methodologies that use continuous complex wavelet transform are based on the complex Morlet wavelet to obtain the phase of a time series yielding good results for systems in phase-coherent regime [7, 9] . However, these approach implies a high computational cost and the results may be not easy to understand, due to its redundancy framework when applied to large time series and in chaotic systems.
To overcome these difficulties, in [4] we propose our DCWA based on the Dual-Tree Complex Wavelet Transform (DT-CWT) for phase assignment. The DT-CWT is a transform that employs two real Discrete Wavelet Transforms (DWT). The main qualities of this transform are that it is nearly shift invariant, limited redundancy and reduced computational cost [3, 8, 19] . In this work, our DCWA is employed in the analysis of two chaotic Rössler systems under non-phase-coherent regime.
The remainder of this paper is organizes as follows. In Section 2 we present our DCWA. Subsequently, in the Section 3, the analysis of the results are commented. In the last Section 4, we provide the conclusion and future works.
Methodology
In this section, we describe how to calculate the phase using our DCWA. Further details can be seen in [4] .
In order to calculate the phase of a system using the Discrete Complex Wavelet Approach (DCWA), the time series of a scalar variable x of the system is analysed by the DT-CWT. For more details of DT-CWT see [8, 19] . The Figure 1 (a) shows a scheme of this analysis. As the output this transformation, we have the time series of the complex wavelet coefficients d j at each scale j. With these coefficients, the energy E j at each scale j is calculated as the square of the modulus of complex wavelet coefficients, i.e,
After that, the global wavelet spectrum is computed as follows:
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In the next step, we take the scale J in which the global wavelet spectrum energy is the maximal, i.e., E J = max j E j . Therefore, this scale J is used to extract the phase time series, according to the equation
The atan2 is the arctangent function with two arguments; d j is the imaginary part of the complex wavelet coefficient in the scale J and d J is the real part of the complex wavelet coefficient in the scale J. Consider now two systems with time series x 1 and x 2 . The method described above applied to both of them can be viewed in Figure 1(b) . Whenever J 1 was different from J 2 we chose the scale J = min(J 1 , J 2 ). This choice was based on the fact that we chose the larger phase time series. Subsequently, the phase time series of each system, φ J 1 and φ J 2 is calculated. The instantaneous phase difference between the systems is computed as ∆φ J = |φ J 1 − φ J 2 |, which allows one to check for the phase synchronization condition 
Application and Results
Here, our methodology is applied for time series generated by two non-identical chaotic Rössler systems [18] in non-phase-coherent regime and coupled bidirectionally by variable y. We use the Runge-Kutta 4th order method with integration time step equal to 0.01 and the number of points in the time series is N = 2 23 . The system is given by equations (4) and the parameters considered are based in [5, 16] . wherein ω 1 = 0.98 and ω 2 = 1.02 defines the mismatch in the natural frequencies and parameter η is the intensity of coupling between these two systems.
In this application, three different intensities of coupling are considered: weak in the value of η = 0, 05, medium with η = 0, 17, and strong with η = 0, 23. These coupling strengths were empirically adjusted to obtain three possible states for systems analysis: not phase synchronized, phase-slips and in phase synchronization.
The Figure 2 illustrates in (a, c, e) the global wavelet spectrum for each coupling intensities: η = 0.05, η = 0.17 and η = 0.23, respectively.
Note that for the three coupling intensities, the maximum energy scale is the J = 9. Therefore, the phases are calculated in this scale, denoted by φ J=9 x 1 and φ J=9 x 2 . The phases are shown in Fig.2 (b, d, f) . Despite the presence of some small perturbations, the phase is increasing over time, which is consistent with the phase definition.
The phase difference between the two systems are presented in Fig. 2 (g, h) ; wherein are used in (g) our DCWA (∆φ J=9 x ) and (h) the arctangent method, (∆φ arco−tangente ) ( [10, 16] ) by way of comparison. For small intensity of coupling η = 0.05, the phase difference increases with time, which characterizes the absence of phase synchronization. Note in this case that both our DCWA and arctangent method correctly detects that the systems are not synchronized in phase, as can be seen in Fig. 2 (g, h) . If the coupling strength is increased to η = 0.17, our DCWA detects seven regions in which phase-slips appear. Note that arctangent method (2(h)) detects only three regions of phase-slips. When η = 0.23, phase synchronization arises and both methods are able to detect correctly this phenomenon. 
Conclusion
In this paper we applied our DCWA in the analysis of two chaotic Rössler systems under non-phase-coherent regime. The accuracy of our DCWA is demonstrated by the results obtained to detect phase synchronization between two coupled chaotic Rössler systems in non-phase-coherent regime. The our method was able to correctly analyse the not phase synchronized, phase-slips and phase synchronization. Moreover, our DCWA requires only a time series of the system without the need of reconstruction of the attractor, a very convenient feature, especially in the case of experimental data.
